Informace k finalni zkousce (Kombinatoricka
optimalizace)

Tento dokument obsahuje shrnuti kliCovych informaci o finalni zkouSce z pfedmétu Kombinatoricka
optimalizace (KO), ziskanych z probéhlé komunikace mezi studenty v zavéru semestru (konec
kvétna a Cerven) a z nalezenych poznamek v archivech.

1. Co se bude a NEBUDE zkousSet (oficialni informace z mailu od
p. Hanzalka)

Nasledujici ttmata NEBUDOU pfedmétem zkousky: * Flows/Matching: Madarsky algoritmus
(Flows_e.pdf 42-48). * Scheduling: Od "Feasibility test" do konce (Sched_e.pdf 71-78). * DalSi
vyjimka ze Scheduling: Redukce zPSm 1 |tenp| Crax na PS1 |tenp| Cnax.* Constraint
Programming (CSP): VétSina CSP ve zkouSce JE, na terminech se objevilo napfiklad oditerovani
algoritmu AC-3.

2. Struktura pisemné zkousky a realna zadani

Test se celkové sklada ze 6 uloh. Zastoupeni témat byva zhruba 3 ulohy na ILP, SP, Flows a
zbylé ulohy na Knapsack, TSP a CSP.
o Nejlepsi pripravou je propocitat si stara zadani, pfiklady se Casto opakuji.

Konkrétni pfiklady z realnych terminu (dle zapisku studentu):

Termin A: 1. ILP formulace max flow s extra podminkami (napf. pfes mnozinu M, liché hodnoty, y
vétsi nez 1 pokud je x nenulové,...). 2. All-to-all nejdelSi cesta pres Floyd-WarshallGv algoritmus na
grafu o 4 vrcholech. 3. Formulace distribuce komodit ze zdroji do spotrebi¢i pomoci
multicommodity network flow (byla to slozita uloha,kterou nakonec zjednodusovali). 4. Dikaz
korektnosti Christofidesova algoritmu pro TSP. 5. Casové indexovany model (Time-indexed
scheduling model) pomoci ILP.

Termin B: 1. Graf s inicializaCnim tokem, udélat iterace Ford-Fulkersonova algoritmu. + Podotazka:
Kolik iteraci potfebujeme pro tento pfipad (maximalné)? 2. Zadano auto (potfebuje 12 1), kamion
(potfebuje 68 1) a barel s 80 I. K dispozici jsou lahve o objemu 9 | a 15 |. Zformulovat to jako shortest
path problém (popsat jak vypada graf, vrcholy, hrany, vahy atd.). 3. Odvodit (derivovat) aproximacéni
faktor pro ChristofidesUyv algoritmus (pfepsat ze slajdl). 4. VyreSit Knapsack problém pomoci
Dynamického programovani (DP - tabulka). + Podotazka: Je feSeni jediné, nebo jich existuje vic? 5.
Napsat ILP model pro ¢asové indexovany model (Time-indexed) proPS1 | tenp | Cmax.



Zkouskovy material:

Termin: 02. 06. 2021

Zdrojovy soubor: KO_02_06 2021-dacaa928922029f8.pdf

Pavod: Sdileno studenty na Discordu.



Penguins on ice
You are given a 2D grid of size w h. Each cell

represents an ice cube floating on the water.

There are n penguins standing at starting po-
ations. Oy, 680 87, 0 ys)
at time t = 0. The rime is discretized; during
each time interval, each penguin can either
remain on its position or it can move (by one
tile) to its A-neighborhood tiles. When the
penguin moves, the ice cube on which it was
standing sinks down, i e. it cannot be used
anymore. At most one penguin at time can

stand on one ice cube.
odel deciding whether the

penguins can mMove in such a way that at
time Tmax penguin i stands at ending posi-

tion (x?e),yge)) ViE L il

Design an ILP - m
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Figure: I[lustration of an instance

with 5 % 5 grid and three penguins
starting at positions (L) (4,2) and
(3,3), respectively. The instance is
feasible for Tmax 2 8.
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Correctness of Dijkstra’s Algorithm

Prove the correctness of Dijkstra’s Algorithm
Input: digraph G, weights ¢ : E(G) — Ry and node s € V(G).
Output: Vectors | and p. For v € V(G), I(v) is the length of the
shortest path from s and p(v) is the previous node in the
path. If v is unreachable from s, /(v) = oo and p(v) is
undefined.
I(s) :=0; I(v) =0 forv#s Ri=0;
while R # V(G) do
Find v € V(G) \ R such that I(v) = minyev(6)\R I(w);
Re=RU{v}:
// calculate /(w) for all nodes on border of R
for w € V(G)\ R such that (v,w) € E(G) do
if I(w) > I(v) + c(v,w) then
| I(w) = 1(v) + c(v, w); p(w) == V;
end
end

end
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/ CSP - Arc Consistency Check Using AC-3

Let us consider the CSP problem given by:
> variables X — {x1,x,x3},

> constraints x; = xy, x = x3 + 1

> domains D; = {1,2}, Dy = {1,2}, D = {1,2}.
Reduce the domains to be arc consistent.

Record the steps of the algorithm (the queue content prior to the
revision of each arc)
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Zkouskovy material:

Termin: 09. 07. 2021

Zdrojovy soubor: KO_09 07 _2021-60645¢c6598e3db40.pdf

Pavod: Sdileno studenty na Discordu.
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Toys Assignment

There is a set of toys T ={t, ty,..., th} scattered all around the room. By one

of the walls, there is a row of boxes B = {b;, by, . .., by}, where box b, is located
left to b;, for all j e Vil 200 g 1}. Distance of toy t; to box b, is

d;ERy VheT, b; € B.
(2) Your goal is to design an ILP model to organize the toys to the boxes such

that: (i) each box contains exactly one toy and each toy is stored in one box, (ii)

the total distance between the toys and their assigned boxes is minimized, (iii) toy
immediately left to the box where ¢, is assigned, (iv)
neither &5 nor t; can be assigned to by or b,, (V) t4 is in the box immediately next
to &5 or t;.
(b) Disregard constraints (iii) and (v). ‘hen, formalize the problem as an

é_h_t perfect matching in complete bipartite

assignment problem (i.e., minimum wei
graph whose sets have the same cardinalityy—~——~—— =
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Constrained Shortest Path Problem

In"a network G we associate two numbers with each arc: its length ¢; € R and its

traversal time 7; € Z,. We would like to determine a shortest-length path from

the source node s to the sink node t with the additional constraint that the
traversal time of the path does not exceed T

a) Formulate this problem as a shortest path problem (hint: use time expansion
of the network).

Does the path necessarily exist if the network G is strongly connected?
. all paths
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Scheduling on One Resource s
Minimizing 3 w; C;

a) Using ILP formulate scheduling of nonpreemptive tasks with
Precedence relations on one resource while minimizing weighted
sum of completion times, i.e., 1 lprec| 3° w; ;.

Task T; has general processing time p;. Precedence relations are
encoded in e € {0,1} such that ejj = 1 iff there is a directed edge
from T; to T; in the precedence graph G or i = J.

b) Explain in detail, how to use relaxed LP solution in Branch and
Bound method for 1 [prec| Y2 w; G;?
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Muntz&Comean's Level Algorithm for @
P lpmtn. prec| G

Solve the following instance of P2 [pmtn, prec| Cpax problem by
Muntz& Coffman’s Level Algorithm. Record a list of levels at
initialization and Z, set of free tasks, for each iteration of the main
loop. Precedence relations are given by the following graph.

Processing time is behind the slash of each task label. Draw the
Gantt chart,




Zkouskovy material:

Termin: 21. 06. 2021

Zdrojovy soubor: KO_21_06_2021-4387223f7ceac7a4.pdf

Pavod: Sdileno studenty na Discordu.






_'__"'"_!'—‘-l-:—.'_ ”}

( :J 7 - ; 0 ()
A ¢ A1) 20; a7 EhaLryne# 2N ;“.n' - i ( A /
‘I "‘\ )-

t of potential guests
uests as possible; however,

t costs m CZK (Czech

Wedding plan 7\

\C:_OL' are planning a wedding. There is a se
= {81,82, . .{ .g,n. You want to invite as many g

there are some ‘constraints. A meal per a single gues
koruna). A price for renting a place differs, depending on the number of invited

guests: for [0, 9] guests, the price is p1 CZK, for [10,19] guests, the price IS p2
CZK, and for [20, n] guests the price is p3 C7K. You have B CZK; this budget

cannot be exceeded. Furthermore, for the sake of justice, the number of guests
s side can differ by at most Dpax.
jr

invited from the groom's side and the bride’

Assume functions br : G — {0,1} and gr: G — {0,1}, where br(gi) =1 iff gi is

from the bride's side, and gr(g:) = 1 iff g is from the groom's side. (Note that Y
there might be some guest g; such that br(gj) = gr(g) = 1).

e invited while respecting all the

B

Design an ILP model deciding which guests will b
constraints.
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Zkouskovy material:

Zkousky z roku 2023 (Rotovano)

Zdrojovy soubor: 2023 _rotated.pdf

Pavod: Stazeno ze zip archivu 'zkousky.zip' sdileného na Discordu.
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Loot distribution “ 2D

Alibaba and his k men have raided an ancient tomb. Inside, there were n

treasures T ={ti,... t,}. Each treasure t; has some weight w; € R* and price
pi € R™. Each treasure belongs to one of four groups G = {1,2,3,4}, where
gi € G denotes the group of treasure t;. Each of Alibaba's k men will move part

of the loot to one of the Alibaba's hideouts. The maximal weight that man
b j€{1,2,...,k} can carry is u; € R,
‘ Alibaba wants to:

#) » transport at least one treasure from group 1 and at least one treasure from
group 2 to any of his hideouts;

l‘\ e § 1
b) » transport any treastre from group 4 only if at least some treasufe from group
3 is being transported to any of the hideouts;

Cj » distribute the loot such that the maximal difference in the total prices

. . é X 5y — Al e ] ¢
transported by the individual men is at most Prmax— A ‘fﬂk)km Mr .Zfﬂ) ,‘JL}.

< LS L 1
A ) » maximize the total price of the transferred treasures

Design an ILP model to solve the given loot distribution problem.
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Correctness of Dijkstra’s Algorithm

Prove the correctness of Dijkstra’s Algorithm
Input: digraph G, weights ¢ : E(G) - Ry and node s € V(G
Output: Vectors | and p. For v € V(G), I(v) is the le ok
shortest path from s and p(v) is the previo
path. If v is unreachable from s, /(v) = x
undefined.
i(s):=0;(v) :i=ocforv£s; R:=0;
while R # V(G) do
Find v € V(G)\ R such that /(v) = min,cv(c)\R (w)
RE=IRORVY
// calculate /(w) for all nodes on border of R
for w € V(G)\ R such that (v,w) € E(G) do
if [(w) > I(v) + c(v,w) then
| 1(w) = 1(v) + (v, w): p(w) == v,
end
end
end
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Multiprocessor Scheduling problem with preemption

release date and deadline

We have n tasks which we want to assign to R identical
resources (processors). Each task has its own processing time
pj, release date r;j and deadline d;. Preemption is allowed
(including migration from one resource to another). Every

will execute no more than one task at a moment and no

processor
be executed simultaneously on more than one processor.

task will
2 parallel identical resources:

tkol Ty T, IE T4 Ts

p; 21 32 41 16 2

W = fERO 00 5 5

PRRORGT 6 1 T

Formulate as Maximum flow problem.




Knapsack

Using dynamic programming, solve the following instance of
Knapsack Problem:

» number of items: n=7

» knapsack capacity: W =5 ((o L}w
> S
> )

costs ¢ = ({2,5,5,5,3,5,’1)
weights: w =(1,1,2,2,3,4,1

e ey e , ‘
a) Compute the optimal solution (objective value and items in

knapsack) of this instance of Knapsack Problem. Write down
all iterations of the algorithm. Is this solution unique and
why?
b) What can you say about the computational complexity of the
algorithm for instances »:-uhere W < 10n? e
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Project Scheduling with Tempora

| Constraints
A co'ns“cructlon company has obtained a contract on 2 oroie
consuspng of 4 non-preemptive activities A, B, C and D. Th
following temporal constraints apply:

o) » Activity durations are pPa=1, pg =2, pc=3and pp
o) » B must start exactly 1 time unit after start of A.
) » Ccan start at least 2 time units after start of A
J) » After the completion of C, there are at least 3 more time units
before D can start.
2\ » D can be started not later than 7 units after start of C.
) » We suppose that the project can be terminated 3 time
after the completion time of D.
8} » The maximum duration of the project is 12 time units.
a) Draw a directed graph with temporal constraints for this

problem. o
b) Is this instance schedulable? Why? A7 .
Hint: Add “dummy” activities with zero duration for beginning

and end of the project. Bs=—2+ e

b
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. Maximization of absolute value

Consider the following mathematical model of four variables

X1, X2, X3 and X4, (v e 22% &y
5 Y
Maximize |xi| + |%2| W == &5
v
Y
subject to the restrictions [0
L. Lrxt
1. at least one of these two constraints must hold:
> x; + X+ X3+ xa < 1000
» 3.3 +5 x+xat2: xs < 500
2. xp is at least max{2 - x2,%3}- p ey e A x, £
3. & equals to A X G (N ARG e i i ' J
WS e - le
& ><.e{1234}€z a0
. _5000 < X!E{123} X4 )“]f_ X,c{12741 ~ < 1000. |
Formulate by the Integer Linear Programming. bt 7
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Zkouskovy material:

Zkousky z roku 2023

Zdrojovy soubor: KO Zkousky 2023.pdf

Pavod: Stazeno ze zip archivu 'zkousky.zip' sdileného na Discordu.



KO Zkousky 2023

29.5.

ILP - max absolutni hodnoty

ILP - loot distribution

Formulace 2P|r;|d;|preempt pomoci max flow
Dukaz korektnosti Djikstry

Knapsack

Nakreslit graf taski s TC

12.6.

Pouziti floyda pro nalezeni nejdelsich cest mezi vsemi uzly v grafu, ukazat 3 iterace.

Dukaz aproximacniho faktoru pro Christophidesuv algoritmus, pseudokod zadany.

Scheduling za pomoci Chetto, silly, bouchentouff

Nakreslit graf pro ulohu multikomoditnich toku, to bylo docela random a Hanzalek v pulce zkousky
prisel na to ze to nejde vyresit tak to zjednodusil a pak zjistil, ze ani ta zjednodusena verze nejde
poradne vyresit :DD

ILP pro max flow plus extra podminky (formulace logickych podminek typu OR, implikace, atd.
podobne jako u toho ILP s investicema do baraku)

time indexed ILP formulation for PS1|temp|C\qz

29.6.

ILP - svatba, maximalizace poctu hostu, ale nesmi se prekrocit budget B, za kazdeho hosta stoji
jidlo m a pronajem prostoru je podle poctu hostu p; pro [0, 9], p, pro [10,19], ps pro [20,n|, dale jsou
funkce br(z) a gr(z), ktere vrati 1 pokud je dany clovek bud ze strany nevesty nebo zenicha (muze
byt oboiji) a rozdil mezi poctem hostu ze strany nevesty a zenicha muze byt max D,
SPT - graf kde ma kazda hrana w - delku cesty na vzdalenost a 7 - delku cesty na cas, formulovat
jako problem nejkratsich cest (nakreslit priklad grafu), ve kterem pujde naijit cesta ktera se dostane
z vrcholu s do vrcholu ¢t a nebude ji to trvat vic nez cas T, (rozvinuti grafu do casove osy)
FLOWS - Ford-Fulkerson s inicialnim tokem
a) rucne to doiterovat a v kazde iteraci ukazat zlepsuijici cestu
b) rict kolik bude max potreba iteraci pri danem inicialnim toku pro libovolne zvolene poradi
Zlepsuijicich cest
TSP - dukaz pro neexistenci r-aproximacniho pro obecne TSP (polynomialnim prevodem z
problemu hamiltonovskeho cyklu)
SCHED - Hornuv algoritmus
SCHED - ILP formulace pro 1|prec| > w;C}, rict jak se LP relaxace toho ILP da pouzit pri branch
and bound algoritmu



Zkouskovy material:

Zkouskové fotky (zadani, reseni, poznamky na papir)

Zdrojovy soubor: Zkouskove_fotky.pdf
Pavod: Generovano umélou inteligenci z posbiranych fotek zkousek a poznamek

studentd z kvétna/Gervna 2025.
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—5000 < Xjef123), Xa=> 1, Xicq12343 < 1000,




We have to multiply probabilities that Mr.Krocan will NOT be stopped on a
previous road AND on the subsequent road, i.e., we change probabilities on roads
to p;; = 1 — pjj. Then we have to maximize the probability that he will NOT be
stopped.

To formulate the problem by SPT we set ¢c; = —logp;;.

3 -10g(0.2) 4 -0g(0.65) @

-10g(0.8

-10g(0.5)
/. TOmDA -10g(0.6) |
1» home work ( 7 )
-10g(0.9)
-1eg(0.1) -log(0.75)
-l0g(0.7)

The best path is [home - 2 - 3 - 5 - work] with probability about 16.8% that mr.
Krocan will not be stopped.



Ford-Fulkerson Algorithm - Solution

Flow04b
a) Maximum flow is 9.

b) The bound on the termination from given initial flow is 4 — each augmenting

path has capacity at least one, the initial flow is 5 and the upper bound on

the maximum flow is 9 (easily seen from the upper bounds from source
edges).



Approximation Factor of Christofides’ Algorithm - Solutim

TSP03a
3

It is a 5 approximation algorithm for the metric TSP:

» 1. due to the triangle inequality the skipped nodes do not prolong the route,
.e c(E(L)) > c(E(H))

» 2. while deleting one edge in the circuit, we create the tree. Therefore,
inequality OPT(K,,c) > c(E(T)) holds

» 3. since the perfect matching M considers every second edge in the

alternating path and being the minimum weight matching it chooses the

smaller half, OPT(QK”'C) > ¢(M) holds

> 4. due to the construction of L it holds ¢(M) + c(E(T) = c(E(L))
» finally we obtain:

3OPT(Ky.c) 2 c(E(T)) + c(E(M)) = c(E(L)) 3 c(E(H))




X = {x1, X, x3}, constraints x; < xp, X, = x3 — 1 , domains
=l 2.3l B, — 1.2 31 Dy — {1 2.3}
Initialization: @ = {(x1,x2), (%2, x1), (X2, x3), (X3, %2)}
reVIse (x1, x2)
=1 21D, — {12 3) =11 2 3]
Q {(x2, Xlg, (Xz x3), (X3, X%2)}

rewse (X2, X1

={1,2) D = 12 312 1 — ] 913}
Q , {gxzaxsg (X3, %2) }

{122}3 D, = {2}, D;s = {1,2,3}
Q , {gX:z,Xz; (X1, X2) }

B {12}, {2}, Ds = {3}"
Q . {gxl ng}

- {li?’)sz = {2}, D5 = {3}

Q=10
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SCHO07a

gfo_l (t-xie) + 1l < Zijfo_l (teXq) Wi #£ =00 a1 # | prec. consk

D (Z£=max(0.t—pi+1) x;k) < 1 vVt € {0,... UB — 1} resource
ﬁj___-Bo_l Xit = 1 Vi € {1,...n} T; is scheduled
f‘j_fo_l (t : xit) + Pi < Cmax Vi € {]., £ n}

variables: x; € {0,1}, C,.x € {0,... UB} -

UB - upper bound of C,,., (e.g. UB = Z?:I max {p,-, MaX; je(1,....n) /,J})
Start time of [; is s; = gfo_l LX)
Model contains n- UB + 1 variables and |E| + UB + 2n constraints. Constant |E]



4-Partition Problem - Solution

» x; = 1 iff banknote i € 5

min 0
subject to:
ZiEI..n Xj) * Pj =1l _] cl.4

parameters: pic1 , € Z™
variables: XiEl..n.jEl..fl = {03 1} hma)h hmim hjEl..4 = Z+



Bratley's algorithm - Solution

SCHO3b
a) Schedule:
Myelyla e dlgspi= sty wnlgeialy SRR
T ) 1 2 3 4 5 0 { 8 0
Cmax =g

b) This solution is optimal since there is BRTP which starts at r; = 4,
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e Nejkratsi cesty v obecném grafu. Je dan orientovany graf s ohodnocenim
hran a. Jsou dany vrcholy r a v. Je dédno ¢islo k. Existuje orientovana
cesta z vrcholu r do vrcholu v délky mensi nebo rovno k7



Knapsack

Using dynamic programming, solve the following instance of
Knapsack Problem:

.

vy vy

o
—

b)

number of items: n=7 ;- L\\
knapsack capacity: W =5 K(t" ? )
costs € = (2,2,5, iigi] 5

weights: w = (1,1,2,2,3,4,1)

1 v ¥ L A . .
Compute the optimal solution (objective value and items in
knapsack) of this instance of Knapsack Problem Write down

all iterations of the algorithm. Is this solution unique and
why?

What can you say about the computational complexity of the
algorithm for instances where W < 10n?

\ o ATt
‘ﬂ'ir:zJLuﬂ-'__—j' 'L':h_l._i_.L'h:a ¢ e Log

T



)

Constrained Shortest Path Problem /

In a network G we associate two numbers with each arc: its length ¢; € & and its
traversal time 7; € Z;. We would like to determine a shortest-length path from

the source node s to the sink node t with the additional constraint that the
traversal time of the path does not exceed

a) Formulate this problem as a shortest path problem (hint: use time expansion
of the network).

b) Does the path necessarily exist if the network G is strongly connected?

| all paths
[T t‘}GE-“IT_ ke ‘-’rl’}.‘»ﬁ”‘l"/}' ?F"I'.E“-" 4 T ﬂnf{}).i’n J.JII.- o YT



Chet :
to, Silly, Bouchentoyf algorithm for

-

1 PMtn, prec. riyd; = d

J LHT&X

?) Using Chetto, Silly, Bouchentouf algorithm solve the following
Instance of Mono-processor scheduling of preemptive tasks with
Precedence relations, release dates and due-dates equal to deadlines
while minimizing the maximum lateness. Indicate values of main
variables in S€parate steps of the algorithm. Draw the Gantt chart.

TQ T4
F=1(0,3,26,3)
p = (2,3,2,2,3)
d—=d—(3,7.13,9,13) T
T3 T5

b) Calculate the L.y value of the optimal solution.



3. Ustni zkouska

Ustni zkouSka se typicky kona den nebo dva po pisemce (napf. pisemka v pondéli, ustni ve stfedu
od 13:00). * Povinnost: Ustni probiha tak, ze by se tam mél ukazat kazdy (minimalné pfijit sdélit, Zze
se nechce nechat zkouSet a bere body z testu). * Prabéh: ZkouSejici (prof. Hanzalek) zada otazky
ze seznamu (vétSinou 4 otazky). Kazdy student si vezme papir, sedne si a muze se libovolné dlouho
pfipravovat, zatimco zkous$ejici odbavuje ostatni. * Hodnoceni: Za kaZzdou otazku Ize ziskat
vétSinou cca 3 body. Hodnoceni je vstficné, vétsiné studentd zkousejici najde body a znamku
podstatné zlepsi.

Konkrétni otazky z ustni zkou$ky (zapisky student():

e Branch & Bound (algoritmus / princip)

o Floyd-Warshallav algoritmus

o Bratleyho algoritmus (Scheduling)

e Formulace Shortest Path Tree (SPT) jako ILP / pomoci Floyda
o Flows — zaokrouhlovani hodnot v tabulce

o Scheduling — formulace pro problémtypu P | | Cmax

V8echny souvisejici fotky zadani, feSeni z pisemek a studijni PDF (jako napf. znamy Dumbshit
guide nebo archiv starych zkousek) jsou roztfidény ve slozce exanml a exani phot os/ .
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